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Abstract: This paper is concerned with the global robust stability problem for linear delayed
differential systems with uncertainties by using an event-triggered sliding mode control. First, a
sliding mode control with event triggering scheme and the estimations of the practical sliding band
which the trajectory remains at last are provided. Then Zeno phenomenon for proposed
event-triggered scheme is excluded in this paper. At last, a numerical example is given to illustrate
the effectiveness of our results.

1. Introduction

Event-triggered control strategy gains more and more attention since it can improve the control
efficiency and reduce the burden of communication or actuation in control process. It does not
update in a periodic manner which is the way in the classical sampled data system. There have been
a lot of research literature studying the event-triggered control, see [1]-[5]. Most of these literature
investigate the systems without uncertainties since the uncertainties may influence the performance
of the event-triggered control [6].

Sliding mode control (SMC) is an effective robust control strategy for hybrid or uncertain
systems. It utilizes a discontinuous control to force the state trajectories of the system to some
specific sliding surfaces. The sliding mode control has been applied to uncertain systems [7],
time-delay systems [8], fuzzy systems [9], [10] and so on. Therefore sliding mode control with
event-triggered strategy has been studied recently [11]-[13]. Since the event-triggered control
strategy is a discrete control scheme, it is not possible for the system to be in ideal sliding mode,
which means the trajectory can only remain in the vicinity of sliding manifold. [13] introduced the
definition of practical sliding mode and proposed a global event-triggering sliding mode control for
a linear time-invariant system.

In this paper, implementation of SMC with the event-triggering strategy for a linear delayed
differential system. To the best of our knowledge, there has been no result of such research and it
still remains chanllenging. The main contribution of this paper are highlighted as follows: 1) The
system model we investigate is very comprehensive that it contains time delays, exogenous
disturbance as well as event-triggered sliding mode control. 2) An event-triggered sliding mode
control is designed effectively for the linear delayed differential system to force the trajectories to
remain in a vicinity of the sliding manifold. 3) Zeno phenomenon is excluded under some sufficient
conditions.

This paper is organized as follows. In Section 2, we give the formulates the problem of event-
triggered robust sliding mode control for linear delayed differential systems with exogenous
disturbance and introduce some basic definitions and lemmas. In Section 3, the main results are
presented where criteria about the trajectory is attracted towards the sliding manifold and stays
within a band are established. Then a numerical simulation for illustrating the theoretical results is
given in Section 5, following by conclusions in Section 6.

Notations: R"and R™" denote the n-dimensional Euclidean space and the set of mxn real
matrices, respectively. r =[0,»). 1, represents the identity matrix of order m. For a real
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symmetric matrix B, 2 (B) (Ay,(B)) denotes the maximum (minimum) eigenvalue of B. A
function ,:r, >R, is a x-function if it is continuous, strictly increasing and »(0)=0; it is a

i, -function if itisa «C-functionand also y(s) >» as s—oo.

2. Problem Formulation

In this section, we state the problem formulation and present some necessary preliminaries.
Consider the following linear delayed differential system with delay

X(t) = AX(t) + ax(t—7)+ But)+d(t)), X, =X(t,), 1)

where x(t)eR" and u(t)eR represent the state of the system and the control input, respectively.
7 denotes the delay of the system, d(t)eR isan unknown exogenous disturbance but bounded for
all time, thatis, sup|d(t)|<d__, AeR™, BeR" and acR.

max
t>ty

The sliding variable is designed as s(t)=c"x(t) for ceR". Define the sliding manifold as
S={xeR"|s=c"x=0}, (2)

where c¢=[c[,1]" with ¢ eRrR"™ . Our purpose is to bring the trajectories of the delayed
differential system (1) to the sliding manifold in finite time and the state is forced to stay there for
all time. In view of (1) and (2), we have

$(t) = cT AX(t) + ac" x(t —7) + c"Bu(t) + c"Bd (t) .

Now we give a useful definition and two lemmas.

Definition 1. [13] Let x(t,x,) be the trajectory of the system starting from initial condition
X, = X(t,, x(t,)) and t>t,. Consider the sliding manifold given by S. The system is said to be in
practical sliding mode if, given any positive constant A, there exists a finite time t e[t,,«) such

that the system trajectories reach the region in the vicinity of the sliding manifold S bounded by
A intime t and remain there for all time t>t,. The region in the vicinity of the sliding manifold

where the system trajectories are confined is called practical sliding band. The practical sliding
mode is called ideal sliding mode if A=0.
Lemma 1 (Halanay inequality). [14] Let w(t) be a nonnegative function defined on the interval

[t, —7,0), and be continuous on the subinterval [t,«). If there exist two positive constants &, 7
satisfying £>n such that wvi(t) <—éw(t)+npw(t-7), t=t,. Then wiy< sup w(@)e’®, y>0 IS

Oelty—7.]
the smallest real root of the equation &-y—ne’” =0.
Lemma 2.¢+p>0, y>0, §>0, d>0. Let g:[t,,0) >R, satisfy the following delayed
differential inequality

g(t) <ag(t)+pgt-7)+y, telt, o). 3)

Then we have
Y (a+p)t-t) 7V ) 4
g(t) g[geﬁ:{gto]g(e)Jr—aJrﬁ]e 7a+ﬂ' t e[t,, ) (4)
Proof. Claim that y—[ sup y(g)+L]e<a+ﬂ><tfto> __ 7 isasolution of the delayed differential

octto—rty] a+p a+p
equation

y(t) =ayt)+ sup By(t-7)+y, t=t, ()

te[t—7,t]
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with the initial condition y(t)=g(t), te[t,—7,t,]. To prove the claim, we check that

y(t)=(a+pB) sup y(9)+ /4 ]e(a+,6’)(t o)

Oelty-7.1,]

sup y(0) = y(t).

Oelt-7,t]
Compared with (5), we conclude that y—[ sup y(g)+ /4 ]e<a+m<r ) __ 7 isindeed a solution
Oelty-7.ty] a—"—ﬂ

of (5). According to [14], we have g(t) < y(t)=(a+B)[ sup y(9)+ 4 ]e<a+ﬁ><t )

Oelty—7.t]

The proof is complete.

3. Main Results

In this section, the main results of the paper on the event-triggered sliding mode control for the
delayed differential system (1). The paper [13] introduced a triggering scheme for a linear
time-invariant system to be globally robustly stable. In this paper, assume that {t}-, @, =0) is the

event-time sequence and we propose similarly as follows:
=inf{t>t:ll cll 1Al [l e®)ll=>o(l xt)l+5)}, (6)

for any given pe(0,0) and oe(0,1) . Define the error e(t)=x(t)-x({t) with et)=0 for
te[t,t.,). From (6), it is clearly to know that this event-triggering time sequence is dependent on

the sampled state and we will show that under this global triggering scheme, the trajectories of the
state remain bounded within a sliding band in the vicinity of the sliding manifold (2). The
event-triggered sliding mode control is defined as

u(t) =—(c"B) ™ (c" Ax(t) + K(x(t))sign(t)), telt,t.,), (7

where sign denotes the signum function and the gain K is a function of x¢) which is
sampled at every event-triggering instants t, ieN. Now we are in the position to give the

following theorem to see the system in practical sliding mode.
Theorem 1. Consider the delayed differential system (1) based on the event-triggered strategy (6)
and control law (7). Then if K(x(t)) Is designed as

K(x(t))>sup|c"Bld(t)+ u(l x(t )+ ), u>( c|\+m)(| al+n)+o,  (8)

the trajectory will remain within a band
{xeR":cx[< (I x@)I+B)II A},  vt>t,n>0. 9)

Proof. Construct the following Lyapunov function V (t)=s’(t)/2. Calculate the derivative of

v (t) along the trajectory of system (1), from the fact that e(t) = x(t,) — x(t) , we have
V (t) = s(t)c” Ae(t) + ars(t)s(t — ) — s(t) K (x(t,))sign(s(t,)) + s(t)c” Bd (t)
s l1c” Ae(t) |+ 51570 + 125?00~ soK (et sian (st I+ s 1 B,
In view of the event- trlggerlng scheme, we note that
[cTAet) <1l 1Al el < ol x(t)I+ B) - (10)

If the trajectories of the system start from the region where sign(s(t,)) = sign(s(t)), then from (8)

it can be derived that

--333--



V(t)<a(||X(t)||+ﬂ)|s(t)|+| |2(t)+| |

7s 2(t=1)
SO KO+ 1CTBIS® dry (11)
<—(u-o)(l x(ti)||+ﬂ)|s(t)|+| |s (t)+|0{| 2(t d).
Now we claim that
Is) |< (I clHl AP x()ll+ B) - (12)

If (12) is not correct, then we have

(el AP+ B) I s [ el I xel < eligh x ¢t I+ el
< (Fell+oll A )+ oBll Al

which is a contradiction. Thus we know (12) is correct. It then follows from (11) and the
condition (8) thaty (t) < (,7+| |)s (t)+|0‘| s?(t—d). According to Lemma 1, we obtain that as long

as sign(s(t;)) =sign(s(t)),

V()< sup V(@Q)e ™ ", (13)

Oelti—7.4]
where x>0 is the smallest real root of the equation ;121 1%l _q which means that
2 2

the trajectories decrease before the sign of s(t) changes. The decrement of Vv (t) cannot be

guaranteed since zero crossing of occurs. However, when the system is triggered at the time
sequence {t}",, sign(s(t))=sign(s(t)) hold, ieN. Therefore there exists a practical sliding band

such that v(t) decrease outside the region and sign(s(t))=sign(s(t)) in the region. Now we
analyze the the size of the band, that is, the maximum deviation of sliding trajectory with zero
crossing. The region is derived as follows

|s(t)—s(t) H c"x(t;)—c"x(t) [< Il cll Il ell<(IF x(t)II+B))ll Al

Then the maximum deviation of sliding trajectory can be obtained for the case |s(t)|=0, which

yields (9). The proof is completed.
Now we study the boundedness of trajectories of the closed-loop system.

Let x(t)=[x@®)" x,®OT ., A{Aﬂ Alz} , B=[0,B,]' ,where x eR" , x,eR , A, eR™" ,

A Ay
A, eR"™, A, eR*™, A, eR,0eR"", B, e R.Then we rewrite the system (1) in regular form:
% = A+ A, +ax (t-1), 14)
X, = A X + ALX, +aX, (t—7)+ Bu(t) + B,d(t). (15)

The following theorem shows that the ultimate boundedness of the trajectories.
Theorem 2. Consider the system (14) based on the event-triggered strategy (6) and control law
(7). k(x()) Iis still designed as (8) and A, -A,c] +(a+1)I is Hurwitz. Then the trajectories of the

system remain ultimately bounded in the region given as

fopm TAPA  Ixt)l+p 16
Q {Xi R ||| Xllg\//lmin(P)(ﬂ“min(P_lQ)"'l ” A” } ( )

where P and Q are positive definite matrices satisfying
(A= ALL) P+P(A; - AL ) +2(a +1)P =-Q.

Proof. According to Theorem 1, we know that the system enters into the sliding band given by
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(9). Then we have x,<-c/x+(Ix)l+pg)IAl* . We construct the Lyapunov function
V(t) = X (t)Px,(t). Compute the derivative of V (t) along the system trajectories of (14)

V(1) <] (ALP +PA, —PAc —¢, ALP)x, (1) + 2 PA, (Il x(t)lI+ )l All*
+ax] (t-7)Px (t-7) +ax (O)Px(t)
<Ll (P Q)+ a+1V () + oV (L) 41 ALPA I X+ )1 AL
[ sup v(e) I APRIIXEN S B 1 s, | ALPAIIXG9Y
Oelti—7 4] (ﬂ’mm(P Q)+1)|| AH (j’mln(P Q)+1)|| AH

Therefore v (1) < | APAI X®)I+£)" ' which yields that

(A (P'Q)+1)l AP
| A,PA,ll Ix(e)l+8
H xl(t)lg\//lmm(P) 0 < \/ )

Jin (P Ain (PTQ)+1) 1Al

The proof is complete.

As is well known, for a given initial condition, if the updating times of the controller converge to
a finite constant, the event-triggered scheme induces undesired accumulation of event instants, Zeno
phenomena. Now we prove that the Zeno behaviors are excluded in this paper.

Theorem 3. Consider system (1). {t}°, is the event-triggering time sequence generated by the

triggering rule (6). If the conditions of Theorem 1 hold, then the time interval between any two
consecutive event triggering instants has a lower bound T~ given as follows

in[L+ ZUX= A ]+ Ay (17)
el [ All(g(x(t)) +¢)

where g(x(t,)) = c"B I BI( K(x(t) |+l cll AL [TxE)), ¢=IBlld,,,-
Proof. Consider T={te[t —z,o0):Il x(t)=0}. Forall te[t,t, )\ =, we have

dlle@®)l

|a|+|| A||

<IFAL x| e |1 xt =2+ c™B [ I BIIG K(x(t)) |+l cll ITAIL I xct))+H Bl d,,
<A 1@ | e [ x(E=7)l1+ g(x(t)) + 6.

Then according to Lemma 2, we obtain te[t,t +1)

Iel<! xll Xl <[ sup | x(«9)||+¢(x(|t )f;Hg] (et 4008 % + (@)l

¢(X(t ) + S [ el ADEt)
“lal+IAl [ 1]'

Note that there exists a minimum time interval for the error [ e(t)l from O

t0 ol x(t )l+ g)l Il A Thus we have CUXWI+5) _4(x(t)+< [et<+#07 _1], which yields the
el TAI Je|+I Al

lower bounded of the event-triggering time interval. The proof is complete.

4. A Numerical Example

In this section, we give an example to illustrate the effectiveness of the obtain results. Consider
the following delayed differential system.

X(t) = [2 ﬂ x(t) —0.5x(t —0.05) + m (u(t) +0.2sin(5t)). (18)

Here we define the sliding variable as s(t)=c"x(t)=[0.5 1]x(t). The gain function is defined
as K(x(t,)) = K, + K,ll x(t)ll .The parameters are chosen as =05,0=085,K, =15, K,=3. The
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initial value is chosen asx, =[5 6] . It can be derived that the gain condition (8) is satisfied. From

the Theorem 1, the trajectory remains within a band and from Theorem 2 and the time interval
between any two consecutive event triggering instants has a positive lower bound.

) 5 B 0 2 El
%, (1) time t

Fig. 1: State trajectory in phase plane. Fig. 2: Dynamic behavior of x(t)

w.r.t.time.

For simulation purpose, let the time interval be [0, 8s] and the step be 0.00125s. The simulation
results for the delayed differential system with event-triggered sliding mode control are shown in
Figure 1-4, which illustrate the performance of the global event-triggered sliding mode control.
Figure 1 shows that the trajectory is attracted towards the sliding manifold S and stays within the
practical sliding band which is dependent on the state. Figure 2 shows the dynamic behavior of
x (t) and x,(t) with respect to time. The event-triggered sliding mode control is shown in Figure 3.

Figure 4 shows that the interval between any two consecutive event-triggered time is lower bounded
by a positive quantity, which is in accordance with Theorem 2.

60 0,035
l
0.03

evant time interval Tat -t

0,005

time t timat

Fig. 3: The event-triggering sliding mode Fig. 4: The event time interval.

control u(t).

5. Conclusion

This paper has been investigated the global robust stability problem for linear delayed
differential systems with uncertainties by using an event-triggered sliding mode control. A sliding
mode control with event triggering scheme and the estimations of the practical sliding band which
the trajectory remains at last have been provided. Then we have excluded Zeno phenomenon for
proposed event-triggered scheme in this paper. At last, a numerical example has been given to
illustrate the effectiveness of our results.

Acknowledgement

This work is supported by the NNSF of China under Grants 61803081 and China Postdoctoral
Science Foundation 2017M621323.
October 29, 2018 DRAFT

--336--



References

[1] D. Quevedo, V. Gupta, W. Ma, and S. Yiksel, “Stochastic stability of event-triggered anytime
control,” IEEE Transactions on Automatic Control, vol. 59, no. 12, pp. 3373-3379, 2014.

[2] J. Lunze and D. Lehmann, “A state-feedback approach to event-based control,” Automatica, vol.
46, no. 1, pp. 211-215, 2010.

[3] D. Ding, Z. Wang, B. Shen, and G. Wei, “Event-triggered consensus control for discrete-time
stochastic multi-agent systems: the input-to-state stability in probability,” Automatica, vol. 62, pp.
284-291, 2015.

[4] L. Xing, C. Wen, Z. Liu, H. Su, and J. Cai, “Event-triggered adaptive control for a class of
uncertain nonlinear systems,” IEEE Transactions on Automatic Control, vol. 62, no. 4, pp.
2071-2076, 2017.

[5] P. Tabuada, “Event-triggered real-time scheduling of stabilizing control tasks,” IEEE
Transactions on Automatic Control, vol. 52, no. 9, pp. 1680-1685, 2007.

[6] D. Borgers and W. Heemels, “Event-separation properties of event-triggered control systems,”
IEEE Transactions on Automatic Control, vol. 59, no. 10, pp. 2644-2656, 2014.

[7] Y. Xia and Y. Jia, “Robust sliding-mode control for uncertain time-delay systems: an Imi
approach,” IEEE Transactions on Automatic Control, vol. 48, no. 6, pp. 1086-1091, 2003.

[8] L. Wu and W. Zheng, “Passivity-based sliding mode control of uncertain singular time-delay
systems,” Automatica, vol. 45, no. 9, pp. 2120-2127, 2009.

[9] Z. He, X. Wang, Z. Gao, and J. Bai, “Sliding mode control based on observer for a class of
state-delayed switched systems with uncertain perturbation,” Mathematical Problems in
Engineering, vol. 2013, 2013.

[10] D. Fulwani, B. Bandyopadhyay, and L. Fridman, “Non-linear sliding surface: towards high
performance robust control,” IET control theory & applications, vol. 6, no. 2, pp. 235-242, 2012.

[11] A. K. Behera and B. Bandyopadhyay, “Event based sliding mode control with quantized
measurement,” in Recent Advances in Sliding Modes (RASM), 2015 International Workshop on.
IEEE, 2015, pp. 1-6.

[12] A. Behera and B. Bandyopadhyay, “Event-triggered sliding mode control for a class of
nonlinear systems,” International Journal of Control, vol. 89, no. 9, pp. 1916-1931, 2016.

[13] A. K. Behera and B. Bandyopadhyay, “Robust sliding mode control: an event-triggering
approach,” IEEE Transactions on Circuits and Systems Il: Express Briefs, vol. 64, no. 2, pp.
146-150, 2017.

[14] A. Halanay, Differential equations stability, oscillations, time lags. Academic Press, New York,
1966.

--337--





